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INTERPOLATION OF WEIGHTED AND
VECTOR-VALUED HARDY SPACES

SERGUEI V. KISLIAKOV AND QUANHUA XU

ABSTRACT. Real and complex interpolation methods, when applied to the cou-
ple (HPo(Eg; wg), HP1(E;; w,)), give what is expected if E, and E; are
quasi-Banach lattices of measurable functions satisfying certain mild conditions
and if log(w(;/ Po 1/P1) € BMO (wp, w; being weights on the unit circle). The
last condition is in fact necessary. (It is expected, of course, that the resulting
spaces coincide with the subspaces of analytic functions in the corresponding
interpolation spaces for the couple (LP0(Eg; wg), LP1(E;; wy)).)

0. INTRODUCTION

Let H? (0 < p < ) be the classical Hardy space of analytic functions in the
unit disc of the complex plane. It is well known by now that for 0 < pg, p; < ©
and 0<f<1

(0.1) (H?, H?)g, = H’ and (H™,K HP), = HP,

where 1 = =8 + 8 Here (-,)g, and (-,)s denote respectively the real
and complex interpolation spaces. Recall that the LP-space version of (0.1)
is classical. By using the Riesz projection and the standard factorization of
functions in H? , one can easily derive (0.1) from this L?-space version if pg
and p, are finite. In the case where one of the indices p; and p, is infinite
(0.1) is much deeper, and was established by Jones about ten years ago (cf. [J]).

In this paper we extend (0.1) in two directions. Our first aim is to examine
the weighted version of (0.1). We shall consider weights w on the unit circle
T such that logw € L!. Let then HP(w) be the weighted Hardy space (see
the next section for the precise definition). Let wg, w; be two weights, 0 <

Do, D1 < oo and 0 < 0 < 1. We ask whether the following equalities hold:
(0.2) (H™(wo), H”'(w1))gp = HP(w) and (H™(wo), H”'(w1))e = H?(w),

where 1 =120 1+ £ and w = w§('~?/Pw!""" . Here and below we make the

convention that H°(w) = H* . Recall also that the L?-space version of (0.2)
is well known.

Very recently, Cwikel, McCarthy, and Wolff [CMW] have studied (0.2) in
the case where pp = p; < oco. They have proved that then (0.2) is true iff
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log(wow; Y € BMO. In this paper, we shall show that in the general case (0.2)

holds iff log(wy/”w; /") € BMO. We thus extend the above result of [CMW]
to all indices. Moreover, if this BMO condition is satisfied, we establish the
following sharp result underlying the first equality in (0.2): If f € HP(wy) +
HP'(w,) is represented as f = fy + f; with f; € LPi(w;) (j = 0, 1), then
there is an another representation f = gy + g; with g; € HPi(w;) (j =0, 1)
and ||g;llgrswy < Cll Sl i@, (J=0,1), C being a constant independent of
f. In terms of the K-functionals (see §1) this can be restated as follows: For
any ¢ >0 and any f € HP(wg) + HP'(w;)

(0.3) K(t, f5 HP(wo), H” (wy)) < CK(t, f; L7 (wo), L (wy)),

where C is a constant depending on pg, p; and the norm of log('wé/ "°w1' p )
in BMO only.

It is worth noting that results like (0.2) not only are interesting in themselves
but also have applications in Analysis. In [CMW], for example, the case py = p;
has been applied to obtain boundedness conditions for Toeplitz operators on
some weighted Hardy spaces. Another interesting case is py < oo and p; = co.
Then the condition on weights reads as logwy € BMO. It is easy to see that
for any weight u € L! one can construct another weight wy € L! such that
wp > u, logwy € BMO, [wy is controlled by [u and the BMO-norm of
logwy by an absolute constant. By using (0.2) for such wy, it is possible to
deduce the result of Bourgain [B1] stating that every bounded linear operator
from the disc algebra to L! is 2-summing (i.e., the analogue of the famous
Grothendieck theorem for the disc algebra holds). See [K1 and K4] for more
details.

The second objective of this paper is to study a vector-valued version of
(0.1). Given an interpolation couple of (complex) Banach spaces (Ep, E;),
we consider the interpolation couple (H?°(Ey), H?'(E,)) of Hardy spaces with
values in Ey and E; respectively (cf. the next section for the definition of these
spaces). Do we have

(0.4) (H™(Eo), H?'(Ey))ep = HP((Eo, E1))sp) ,

(0.5) (H™(Ey), H"(Ey))g = H?((Eo, E1))s)

with ’% = % + pi. ? Though the answer is negative in general (cf. [BX]), in
many interesting cases it is positive. For example, Bourgain [B1] proved the
following: There exists an absolute constant C > 0 such that for any ¢z > 0
and fe HY(I})+ H\(I)

(0.6) K(t, £ H'(ly), H'(I7?)) < CK(¢, f5 L'(ly), L'(I)).
This yields immediately
(H'(I3), H'(I°))o1 = H'(IZ"),  uniformly in n,

where % =1-0 and /¢' is the Lorentz space on {1, ..., n}. In [B1] one can

find some interesting applications of (0.6) to the theory of analytic functions
in the unit disc. By using a duality-factorization argument of Haagerup and
Pisier [HP], one can easily deduce that (0.6) is still valid if H! is replaced by
H? for any 0 < p < co. The case p = oo is of special interest because of
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several important applications to (g, p)-summing operators on the disc algebra
(cf. [K2, K4 and P1)).

In this paper, we show that (0.4) and (0.5) are true for certain Banach (and
even quasi-Banach) lattices. The result on the real interpolation reads roughly
as follows: Given a couple of quasi-Banach lattices (Ey, E;) of measurable
functions satisfying certain (mild) conditions, we have for 0 < pg, p; < 0, t >
0 and any f € HP(E,) + H”'(E))

(0.7) K, f; H*(Eo), H(E\)) < CK(t, 5 L™(Eo), LP(Ev)),

where C is a constant independent of ¢ and f. Recall once more that (0.7)
means simply that if f € H?(Ey)+ HP'(E,) is decomposed as f = fo+ fi with
fi € LPi(E;) (j =0, 1), then one can find another decompositon f = gy + &
where g; € HPi(E;) (j = 0, 1) and the magnitude of the norm of g; in
HPi(Ej) is roughly the same as that of f; in LPi(E;) (j =0,1). We show
that (0.7) is also true in many cases for py = p; = co. (0.7) implies, of course,
(0.4). These results generalize those in [X1]. With the similar conditions on E|
and E,, we also prove (0.5).

Note that in fact we establish weighted versions of (0.4)-(0.7).

The techniques used in this paper are based on [K1-K4] and partly on [X1-
X2]. They heavily rely upon standard facts of the theory of analytic functions in
the unit disc (such as the outer function construction, factorization) and Fourier
analysis (weighted norm inequalities, etc.). The first-named author has used
similar techniques to study linear topological properties of spaces of analytic
functions, especially, of the disc algebra. In particular, he has found simpler
proofs of many results of Bourgain (cf. [B1, B2]), as well as certain new facts
on (g, p)-summing operators on the disc algebra. The second named author
has applied these techniques to some partial cases of the problems considered
in the present paper. Though probably somewhat tricky, our methods have the
advantage of giving in most cases explicit formulae for the functions desired.
Note also that our constructions leading to the decompositions expressed by
(0.3) and (0.7) are rather short; on the other hand, the case of the complex
interpolation method will require more patience from the reader.

Let us mention the Pisier has also recently been considering the interpolation
problem for Hardy spaces. He has elaborated a very elegant method completely
different from ours that gives certain of our results (for example, (0.7) for some
quasi-Banach lattices, cf. [P2]). His method, however, does not seem to work in
the weighted case and also in the case of the complex interpolation for vector-
valued Hardy spaces. It should be noted that Pisier’s method is easily extendable
to give results like (0.7) if Ey, E;, are Schatten classes; it leads also to some
other noncommutative generalizations.

Finally, we note that one can also consider interpolation problems for Hardy
spaces defined by real variable methods (i.e., in terms of maximal functions or
harmonic vector fields, etc.). For them the problems in question are of very
different nature and the answers are known for the most part. In particular,
analogues of (0.1) and its vector-valued versions (0.4) and (0.5) hold. We refer
to [FRS] for the real interpolation, to [JJ] for the complex interpolation and to
[BX] for the vector-valued case.

The paper is organized as follows. We present the necessary preliminaries
in §1. In §2, we prove that the BMO condition mentioned at the beginning is
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necessary for (0.2). The real interpolation results for weighted Hardy spaces of
scalar-valued functions are presented in §3. Section 4 is devoted to the complex
interpolation. In §§5 and 6 the same is done for weighted Hardy spaces of
vector-valued functions. Formally, the material of §§3 and 4 is covered by §§5
and 6, but we have decided to present the scalar case separately because of its
importance and the fact that the proofs are then slightly less involved. In §7,
we deal with the limit case of (0.7) where py = p; = 0.

1. PRELIMINARIES

Let D be the unit disc of the complex plane, T the unit circle equipped with
normalized Lebesgue measure m. Given 0 < p < oo, we denote by H? the
classical Hardy space of analytic functions in D. Identifying functions in H?
with their boundary values on T, we may regard H? as a closed subspace of
LP(T; m)=LP.

For 1 < p < oo we denote by A4, the class of all weights on T satisfying the
Muckenhoupt A,-condition (cf. [GR, T]). Let H and M be respectively the
Hilbert transform and the Hardy-Littlewood maximal operator on T. Recall
that w € 4, iff Mw < Cw, a.e.on T for some constant C and that 4, C 4,
if p < ¢g. Recall also that if w € 4, (1 < p < o), then H and M are
bounded operators from L?(w) (= LP(wdm)) into itself; if w € A4;, they
are bounded from L!(w) into weak- L!(w). We shall need the following (now
classical) characterization of A,-weights (cf., e.g., [T and GR]).

Jones’ Factorization Theorem. A weight v isin A, (1 < p < co) if and only

if there exist A-weights vy and v, such that v = vofull"’. Moreover, for each
fixed p the A,-constants of vy and v, can be estimated in terms of the A,-
constant of v and vice-versa.

Note that the “if” part is quite easy (cf., e.g., [GR]).

The theorem implies, in particular, that every A,-weight v can be written
in the form v = vov ! with vy, v, € 4; . We shall need similar factorizations
with richer structure (note that in fact many of them are implicit in [T and
GR)).

Lemma 1.1. Giventwo A,-weights vy, v, and a number K > 2, one can find two
weights ug, uy satisfying vov;' = (uouy ')’ and |H(uo)| < Cug, M(u2) <
Cu? (j=0,1). Here C depends only on K and the A,-constants of vy and
(U8
Proof. Set yo =1 and inductively

-1/2K 2K —1/2K K

v = vy K H () w05 (M (g )2
~1/2K 1/K

+ur P MKy )2
Since v;' € 4y C Ak C Ax, it follows that M is bounded on L¥(v;') and
H on L*¥(v;'). Hence there is a constant C such that

IWnllx < Cllwn-1llx < -+ < ClwollLx = C

Therefore, the series 3°,-4(2C) ™"y, = y converges in LK and it is immediate
that |H (v w)| < 2Cvy/* y, M@}/*y?) <4c2}/®y?, j=0, 1. Hence,
we can take u; =1);/2Kv/ (j=0,1). O
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Remark 1.2. By the construction, y is in L?X. Since on the unit circle every
A;-weight is integrable, we have also that v}/ 2K ¢ 12X Thus, u ; € LK that
will be of some use in the sequel.

In this paper, we shall consider only weights w satisfying logw € L'. This
is true for all nonzero A,-weights. If logw € L!, there exists an outer function
¢ in D with |p| =w ae.on T. Given 0 < p < oo, we define the weighted
Hardy space H?(w) by

HP(w) = {f: fo'/? € H?}
and for f € H?(w)

1/p
1y = 179210 = ( /T fPw dw) .

Clearly, H?(w) is a closed subspace of L?(w). The reader is referred to [G,
GR and T] for more information on Hardy spaces.

We now describe vector-valued Hardy spaces. Let (£, #) be a measure
space. We suppose it is g-finite for the sake of simplicity. By a quasi-Banach
lattice of measurable functions on (2, #) we mean any complete quasi-normed
space (E, ||-|) of u-measurable functions subject to the following condition:
if f € E and g is measurable such that |g| <|f| a.e.on Q, then g € E and
llgll < |Ifll. Let 0 < a < co. Define

E@ = {x:|x|*€ E} and |x|gw = |I|x[*|/* for x € E@.

Then E© is also a quasi-Banach lattice of measurable functions on (Q, u).
For technical reasons, we shall always assume that for some a >0 E©® admits
an equivalent Banach lattice norm. Since every Banach lattice of measurable
functions on a o-finite measure space possesses a strictly positive order contin-
uous functional (cf., e.g., [KA, Chapter 4, §1, Theorem 5]), it follows that E
embeds into L’(Q2, ¢ du) for some density ¢ with ¢ > 0 a.e. on the support
of E. Replacing ¢ by a smaller function we can assume that [¢du < oo.

Given 0 < p < oo, we define LP(E) = LP(E; T) as the space of all measur-
able functions f on (T x Q, m x u) such that f(z, ) € E for almost every
z € T and the function z — | f(z, -)||g isin L?. The quasi-norm in this space
is given by the expression ([;|f(z, -)|If dm(z))!/? (with the usual convention
for p = 00). Then L?(E) is a quasi-Banach lattice of measurable functions on
(TxQ, mxu) and it embeds into LS(T x Q, m x ¢ du), where s = min(p, r)
and ¢ is the density described above.

By HP(E) we denote the subspace of LP(E) consisting of all the functions
f such that for some 0 < s < oo, f(-, w) € H® for almost every w € Q. We
shall often say in this situation that f is analytic in the first variable. Clearly,
we can take min(p, r) for s, and the above embedding allows us to prove that
HP(E) is a closed subspace of L?(E). ,

We remark at once that the above definition of L?(FE) is different from the
usual one that we are going to describe now. If X is a quasi-Banach space
and 0 < p < oo, it is customary to define LP(X) = LP(X; T) as the space of
all strongly measurable X-valued functions f on T such that ||f]x € L? (f
is said to be strongly measurable if it is a pointwise norm-limit of a sequence
of simple functions). For distinguishing this latter space from that defined
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previously, we shall denote it by ZP(X ). The corresponding Hardy space is
denoted by HP(X). This is the closure in LP(x) of all complex polynomials
with coefficients in X if 0 < p < oo, and for p = oo (if X is a Banach
space) this is the closed subspace in L*°(X) of all functions whose Fourier
coefficients vanish on negative integers. Thus for a quasi-Banach lattice E we
have two couples of spaces, L?(E), HP(E) and LP(E), HP(E), which do not
coincide in general. There are, however, many cases in which L?(E) = IP(E)
and HP(E) = HP(E). For example, this is true for 0 < p < o if E isa
reflexive Banach space, and a fortiori, if E is a UMD space.

Recall that a UMD space is a Banach space X such that the Hilbert transform
H induces a bounded operator from L?(X) into itself. We shall denote this
induced operator still by H , though probably it would be more rigorous to write
H®idy . It is well known that if X is a UMD space then H is also bounded
from LP(X) into itself for every 1 < p < co. Recall also that L(Q, u) is
UMD for 1 < g < co. See [B3, Bu] for information on UMD spaces.

Given a quasi-Banach lattice £ of measurable functions we shall often need
that E(@ be UMD for some a > 0. By this we mean that E® admits an
equivalent Banach lattice norm for which E(® becomes a UMD space. Note
that in this case E#) is also UMD for all # > o. This can easily be seen from
the formula (Hf)? = f2+2H(fH(f)) (that allows us to pass from a to 2a)
and interpolation.

Now we turn to describe elementary notions from the interpolation theory
(see [BL] for more information). Let (X, X;) be an interpolation couple of
quasi-Banach spaces. We denote by X+ X; and XyN X, respectively the sum
and intersection of X; and X;. Let ¢ >0 and x € Xy + X, . Define

K(t, x; Xo, X1) = inf{||xollx, + tlIx1llx,: X = X0+ X1, x; € Xj, j=0, 1}.
This is the so-called K-functional. Given 0 < 8 < 1, 0 < g < 0o, we define

® dr\'
Ioloa = ([ (0K 3 X, X0 %) L xe o,

and
(Xo, X1)og = {x € Xo+ X1: ||x|lgg < o0}.

Then (Xo, X1)sq, €quipped with the quasi-norm || - ||g4, is a quasi-Banach
space. This is the real interpolation space of X; and X; with parameters 6
and g.

There exists another (equivalent) way to construct this space by means of the
so-called J-functional. Let for ¢t > 0

J(t, x; Xo, X1) = max(||x|lx, , tllxllx,),  x € XoNX;.
Define
0 1/q
Ixlloq;s = inf( > @72, xn; Xo, Xl))q) ,
n=—00

where the infimum is taken over all representations of x as

X= Y Xu, Xa€XoNX (n€Z),

n=—o0o
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where the series converges in Xy + X; . Then it is well known that
C_'||x||eq < ”xHGq;J < C”xllﬁqa Vx € XO + Xl s
where C is a constant depending only on 6 on g . Therefore
(Xo, X1)gq = {x € Xo+ X1: ||x|l6g;s < 00}

We shall also need interpolation spaces constructed by the complex method.
The classical construction of Calderén [C] for Banach spaces needs some minor
modifications for the quasi-Banach space setting (cf. e.g., [CMS]). Let & =
{{eC:0<Re{ <1} and & be the family of the complex functions analytic
in the strip %, continuous and bounded on the closed strip .. Given an
interpolation couple (Xy, X;) of quasi-Banach spaces, let

n
9(X0,X1)={Zﬁcxk:ﬁ(eﬂ,xkeXonXl,lngn,neN},
k=1

and for F € ¥ (Xy, X;)

IFll# (xo, x,) = max {Sup I1F(in)lix, » sup [|F (1 + in)l|x, } :
neR neR

Let 0 <6 < 1. We define
Ixlle = inf{||F|l#x,,x,): F(0) =x, F € #(Xo, X1)}, x € XoN X,.

Then || - |lg is a quasi-norm on Xy N X;. The completion of Xy N X; with
respect to it is denoted by (X, X;)g , which is the complex interpolation space
of Xy and X; with parameter 6. It is well known that this definition coincides
with the classical one if Xj, X; are Banach spaces (cf. [S]).

We shall freely use the following well-known results (cf. [BL]; these results
are stated and proved in [BL] for Banach spaces. The proofs there, however,
easily extend to quasi-Banach space setting). Let (X, X;) be an interpolation
couple of quasi-Banach spaces and 0 <0 <1, 0< py, p1 <oo. Then

(I (Xo), LP'(X1))ep = LP (X0, X1)ap) »
(I7(Xo), L' (X1))e = LP((Xo, X1)s) »

where }, = 157" + pi.' If X, and X, are quasi-Banach lattices of measurable
functions, we can easily show that the above equalities hold also for the couple
(LP(Xyg), LP1(X,)). We shall see that for many couples of quasi-Banach lattices,
Hardy space versions of these results hold. We have chosen to work with the
interpolation couple (HP(Ey), HP'(E;)) rather than (HP(E,), H?'(E;)) for
the sake of simplicity. Since we proceed with the help of certain explicit formu-
lae, all the results stated below transfer to the couple (H?(E,), H”'(E,)) with
essentially the same proofs; the case of the spaces with tilde would, however,
require routine but somewhat nasty discussions of approximability by simple
functions that we prefer to avoid.

2. NECESSITY OF THE BMO-CONDITION

The main result of this section is the following theorem. We shall use the
convention that L>®°(w) = L®, H®(w) = H®, w!/® =1.
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Theorem 2.1. Let wy, w; be weights on T such that logw; € L' (j =0, 1)
andlet 0 < py, p1 < oo. If there exists 0 < 6 < 1 such that

(2.1) HP(w) C (HP(wyp), H?"(w1))goo, (continuous inclusion),
where 1 = 1=0 1 8 gnd w = w!'="Py%P" | then log(wy™w;'/?') € BMO.

The reader is referred to [G, GR] or [T] for the definition of BMO.

Since (Xo, Xi)gp C (Xo, X1)go for an arbitrary couple of quasi-Banach
spaces (Xo, X;), Theorem 2.1 implies immediately that the BMO-condition
is necessary for the first equality in (0.2). It is also necessary for the second
equality if pg, p;y > 1 (because (Xp, X1)g C (X0, X1)goo if Xo and X; are
Banach spaces). We conjecture that this last restriction on pg, p; is in fact
irrelevant.

Proof of Theorem 2.1. We shall exploit an idea from [CMW]. Suppose that one
of po and p, is not infinite (otherwise there is nothing to prove), say py < oo.

Multiplying all the spaces by an outer function with modulus w,” Pr " we can,
and do assume w; = 1.
For t > 0, let ¢, and y, be outer functions such that |¢p,| = min(1, tw;/"°) s

|w:| = min(1, t“wo'l/”°) ,a.e.on T. Now suppose logwé/"0 ¢ BMO. Then by
Lemma 1.2 in [CMW], for every ¢ > 0 there exist ¢t >0 and z € D such that

(2.2) lo(2)| + |wi(2)] < é;

(avoiding to reproduce the proof of that, we mention only that it is short and is
based on exploiting the Garcia norm on BMO). Considering t?w, instead of
wp , we may assume ¢t = 1. Let f € H?(w) with || f||ge@w) < 1. By (2.1), for
any s > 0 there exist fy € H?(wy) and f; € H” such that f = fy+ f; and

|l foll o) < Cos® and || fillan < Cos®~!,
where Co is the norm of the inclusion (2.1). Let
F=(pyiH)'"%f, Fo=ow'h, F=Ah
Then F € H?, Fje H? (j=0, 1) and
(2.3) IFllme <1, ||Follar < Cos®,  |Fillam < Cos®~'5

(2.4) (o) F = (yigT DV Fo + B

Let P, denote the Poisson kernel of the unit disc corresponding to z. Then
we obtain

[Fo(2)] < exp [ logIFylP dim
T

Sexp{/l I 1log(|r/)1|9|F|+|¢)1||F1|)Pzdm+/| log|F0|Pzdm}
i< @

11=1

< 191(2)° exp /T log(|F| + |Fol + |Fi|)P: dm.
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Now let r = min(pg, p;) . Then by Jensen and Hélder inequalities and (2.3)

exp /T log(|F| + |Fo| + | Fu|) P, dm

< ([aF1+180+ iy Pedm) "
< CI(1 = [2])77 +50(1 = |2]) 7170 4 5571 (1 = |2))7 /7],
where C is a constant depending on Cp, p and p; (j =0, 1). Therefore
[Fo(2)] < Clon(2)°[(1 = |2))77 + s°(1 = |z]) /70 4+ 5071 (1 — |z)~ /7).
Similarly
IFi(2)] < Clyn ()11 = 277 + 50 (1 = |z))7/70 4+ 5071 (1 — |2])71/71],
Combining the preceding inequalities with (2.4) we obtain

IF(2)] < w1(2)01(2) PIF(2)| + i (2)on(2) 1P| (2)
< CW(@)P +1p(2)]'O)(1L - |27
+5(1 = |20) M+ 5071 (1 = 2)) 717

Now note that F can be an arbitrary element of the unit ball of H?, so
supg |F(z)| > (1 —|z|?)~!/7 (see the remark below). Taking into account (2.2)
and setting s = (1 — |z|)/P(1 — |z|)~1/P1 | we arrive at

(112~ < 3C(E° +&' %) (1|27,

which yields a contradiction if ¢ is sufficiently small. This proves Theorem
2.1. O

Remark. Let z € D and ®, ; be the evaluation functional at z defined on
HP by @, ,(F)= F(z). In the above proof, we implicitly used the elementary
fact that the norm of ®, , is of the same order as (1 — |z|)~'/?. In fact, we
precisely have that ||®, || = (1 —|z|?)~"/?. This is easy to prove. Indeed,
by factorization, 1t suffices to show this for p = 2. Then consider the Cauchy
kernel ¥({) = . We have

/T F(O¥@dm({) = F(z), VF e H™.

Thus it follows that ||®, .| = ||¥|l5: = (1 —|z|>)~1/2.

We give an immediate consequence of Theorem 2.1. It is of interest in
connection with the analytic projection constructed in [B2] (see also [K2, K4]
for another construction).

Corollary 2.2. Let w be a weight such that logw € L' . Suppose that there exists
an operator Q projecting boundedly LP(w) onto HP(w) and at the same time
LP(w) onto HP'(w) for some 1 < pg, py < oo, po# p1. Then logw € BMO.

Note that, conversely, if logw € BMO, then one can easily construct a
projection Q from LP(w) onto HP(w) that is continuous for p in a certain
interval (a, b). One can vary a and b (not independently). In particular, it
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is possible to take a
always ensure (a, b)

1. It is not clear at the time of this writing if one can
(1, 00).

3. WEIGHTED HARDY SPACES: THE REAL INTERPOLATION

The main result of this section is the following theorem.

Theorem 3.1. Let wo and w, be weights on T such that logw; € L! (j =

0,1). Let 0 < pg,p < 0. If 1og(wé/p°wl_”"‘) € BMO, then there exists a
constant C depending only on w; and p; (j =0, 1) such that for any t >0
and any [ € HP(wg) + HP' (w,)

(3.1)  K(t, f; H*(wo), H”(wy)) < CK(t, f; LP(wo) , L7 (wy)).

Remark. Note that in the case py = p; < oo Theorem 3.1 has already been
proved in [CMW]. The proof of [CMW] does not seem to be adaptable to give
Theorem 3.1 for pg # p; . The same remark applies to Theorem 4.1 below on
the complex interpolation of weighted Hardy spaces.

Before proving Theorem 3.1, we give an immediate consequence of it. Note
first that the reverse inequality to (3.1) is evident (with C = 1). Recall also
that for 0< 6 < 1

(LP(wo) , L7 (wy))gp = LP(w),

where 2 =18 4+ & and w = wl(1=0/PoyP8/P1(cf, [BLY).

Corollary 3.2. Under the same assumptions as in Theorem 3.1, for any given 0 <
0 <1 and 0< q < oo, the quasi-norm on (HP(wp), HP'(w;))e, is equivalent
to that induced on it by the quasi-norm of (LP°(wy), LP'(w,))gq . Consequently

(HP(wo) , H?'(wy))gp = HP (w),

1_1-6 6 — qP1=0)/po,,,p6/p:
where 5 =25+ - and w = w, wy

Proof of Theorem 3.1. To exclude the trivial case py = p; = oo, we assume
that 0 < pp < o0 and 0 < p; < oo. After multiplying all the spaces by
an outer function with modulus wll/” !, we may, and do assume w; = 1 and
logwy € BMO. It is well known that logw, € BMO iff there exist y > 0 and
v € A, such that wy = v?, both y and the A,-constant for v depending on the
BMO-norm of logwy only (cf. [GR, T]). We factorize v as v = vov;’! with
Vg, U; € Ay, and then apply Lemma 1.1 to K = kpy/y, with k a sufficiently
large integer (we need, among other things, kpy > 2y, since K > 2). We obtain
a representation wy = (uoul‘l)z"l’o with

(3.2) |H(up)| < Cup;

(3.3) M(u}) < Cuf (J=0,1).

We need the following majoration lemma.

Lemma 3.3. If k is so large that kp, > 1, then for every positive a # 0 in LP
there exists a positive function b bounded away from zero and satisfying

(34) b>a,aeon T,

(3.5) lIbli < Cllallze ;

(3.6) |H(ugh'/?*)| < Cuob'/?*, a.e. on T.
Proof. If p; = oo, we take simply b = ||a]l , then (3.6) follows from (3.2).
Otherwise we set ap = (a + €)!/2* with ¢ > 0 very small and, inductively,
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an = uy'|H(uoan—1)|, n > 1. By (3.3) and “if” part of Jones’ factorization
theorem, ua”"" = (ud)!~(+kp) € Ay, . Since 2kp; > 1 +kp; > 1, H is

bounded on L1 (y- 2k ; so there exists a constant C (independent of a
0
such that

1/2k
lanll 20y < Cllan, || e, < -+ < C"||@ol| p2rry < Cn"“”[ﬁu .

It is straightforward that the function b defined by

2k
b= (Z(ZC)‘"a,,)

n>0
enjoys the desired properties.
The following lemma is the crucial point of the present proof.

Lemma 3.4. Let fy € LP(wo), fi € LP'. Then there exists a function G € H*®
such that

(3.7) max{||(1 = G) foll oo (wo) » II(1 = G) fillzro(we)} < Cllfoll Lo o) »

(3.8)  max{||Gfollen , IGAilln} < Clifillee

where C is a constant depending only on wqy, py and p; .

Supposing that this lemma has already been verified, we can finish the proof
of Theorem 3.1 as follows. Let ¢ > 0 and f € HP(wg) + H” . Take fy €
LP(wy) and f; € L”t such that f = fo+ f; and

Il foll oo wo) + t Ailln < 2K(2, f5 LP(wo), LP').
Applying Lemma 3.4 to f, and f;, we find G € H* satisfying (3.7) and (3.8).
Then f=(1-G)f+Gf=g+h,where g=(1-G)f,h=Gf. By (3.7)

& ll2o (o) < CI(1 = G) foll o (we) + (1 = G) f1ll oo (wp))
< Cll foll 7o awe)-

Similarly, by (3.8) ||A|lz» < C||fillz» - Since f, G are analytic, we deduce that
g € HP(wg), h € H” and

&1l &7o o) + LllAllz < C (Il foll 2o (o) + el A1 ll )

<2CK(t, f; LP(wo), L?).

This shows (3.1).

It remains to prove Lemma 3.4. Let k be a large integer such that kpy > 1
and kp; > 1 (and also kpy > 2y, that has been supposed from the very
beginning). Let b be the function given by Lemma 3.3 when applied to a =
|fi] . Define

a= max{l, |/b~"|"/*},
Fy = ugh'/** + iH (ugb'/?*),
F = uobl/ZkOl + iH(uobI/Zka).

By Remark 1.2, ugb!/?* | ugb'/?*ka € L? if k is large enough; k will then be
assumed to ensure that property. Then, F;, F, are in H? and their real parts
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are strictly positive a.e. on T. Hence the function F = F1F2‘1 is analytic. By
(3.6) |Fy| < (14 C)uph'/? . On the other hand, |F| > ugb'/?*a.. Therefore,
|F| < Ca~!. It follows that F € H*® and ||F|g~ < C. Now define G =
1 - (1 - F?%)2% _ Then G € H® and |G| < C|F|* < Ca~?% . In particular,
I|Gllg~ < C, and thus to check (3.7) and (3.8) it suffices to show that

16 folls < Cllillz s 11 = &) fillmuny < Clollzrouny
The first inequality is easy to prove. Indeed

|Gfol < Clfole™2* < Cb,

and it is sufficient to refer to (3.5). For the second inequality, note that
(1 -G)fi] < C|1 = F|*b. Now

|1 = F|*b = |[ugh"/*(a — 1) + iH (uob"/* (o — 1))1F; " |*b

< Clle — 11*b + |H(uob'?*(a — 1)) ug2*].
Therefore
(1 = G) fill oo o)
(3.9) 2k 1/2k 2%, —2k
< Clli(a = 1)%bll o) + | [H (uob ™= (o = 1)) ™ gy = || oo ) |
Since wy = (uoul")z’%, we see that the second term in the brackets on the
right is
1 (s0b (e = V)T -3,

By (3.3), u1'2kp° € Ay4kp, and thus H is bounded on LZ"PO(ul‘Zk“). It follows
that the second term on the right in (3.9) is majorized by the first one. Since
(a—1)2kp < | fo|, we obtain the desired estimate

(1 = G) fill o) < CllSfoll oo (wo) »
which concludes the proof. O

Remarks. (i) The above proof of Theorem 3.1 shows in fact that the constant

C in (3.1) depends only on py, p; and the norm of log(w,/”w;'/”') in BMO.
(i) Lemma 3.4 gives also a similar J-functional estimate for the couple of

the quotient spaces
LP(wo) L (wy)
(H""(wo)’ H”'(wx))'
Explicitly, we have a constant C such that for any ¢ > 0 and any f in the
intersection of these quotient spaces there exists f € LP(wg) N LP'(w,) which
represents the class f simultaneously in both quotient spaces and satisfies
) z. LPo(we) LP(wy)
I, £ Do), L(wn) < € (1, f prced), 2200
Note, however, that this latter J-functional estimate for the quotient spaces is
in fact equivalent to the K-functional estimate (3.1) described in Theorem 3.1.
This follows from a simple but very useful observation of Pisier [P2] stating
that such K- and J-functional estimates are formally equivalent in the general
situation of two couples (A4, 4;) C (Xo, X1).

4. WEIGHTED HARDY SPACES: THE COMPLEX INTERPOLATION

In this section, we shall prove the following counterpart of Corollary 3.2 for
the complex interpolation.
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Theorem 4.1. Let 0 < pg, p; < oo and wy, w; be weights such that logw; € L'
(j =0, 1). If log(wy™w; /") € BMO, then for every 0 < 6 < 1

(4.1) ' (HP(wo), H”' (w1))g = H? (w),

1_1-6_,6 = wP(1=0)/po, ,p0/P1
where ; = 2 + = and w = wy wy o

To prove Theorem 4.1, we need the following technical lemma on the ex-
istence of certain analytic decompositions of unity, which is of independent
interest.

Lemma 4.2. Let 0 < p < oo and w be a weight such that logw € BMO. Then
for every positive function a € LP(w) there exist b € LP(w) and a sequence
{@n}nez C H® satisfying the following properties

(42) b>a,ae on T,

(4.3) 1]l w) < CllallLow) ;

(4.4) |lgn|ln= <C, VneZ;

(4.5) |on|'/*b < C2", ae.0n T, VneZ,

(4.6) Y ,czlonl'/2" < Cb, ae. on T,

(4.7) Ypezon=1,ae0nT,
where C is a constant depending only on w on p.

Before passing to the proof of the lemma we note that (4.5)—(4.7) mean that
the ¢,’s behave roughly as the functions x(yn-1.p<2n}) , but have an advantage
of being analytic. Here and in the sequel, y. denotes the characteristic function
of asubset e C T.

Proof. Take a large integer k (we need, among other things, kp > 1) and
represent, as in §3, the weight w in the form w = (uoul“)z"” so that (3.2) and
(3.3) hold.

We assume first that a is bounded, say a < 2" a.e. on T for some integer
N . We now define by induction two sequences {G,},<y C H*® and {b,},<n C
L as follows.

Let Gy =1, by = a. Then define inductively for n < N -1

o = max{1, (bp27")1/4%},

_ _ U+ iHug 1 (1 pi6ky8k
" apug + iH(apug)’ Gn=1- (1= F),
bn = bn+1 + alGn+1 - Gn|1/42n+1 s
where 6 € (0, 1) is a constant to be specified later (6 will not depend on
a,N). .
By using (3.2) and Remark 1.2, we easily check, as in the proof of Lemma
3.4, that F,, G, € H* (if k is large enough) and, moreover

(4.8) |Fyl < Ca;' < C, |Gyl < C|F,|'% < Ca;'* < C.

Define ¢, = G, — G,—; (n < N). Then ¢, € H*® and ||¢,|lpg- < C.
From the definition of b,

(49) a< bn+l < bn < bn+1 + C2" ’ vn < N.

It then follows that {b,}.,<n is a decreasing sequence of positive bounded func-
tions on T. Denote by b the a.e. limit of this sequence as n — —oco. Then




14 S. V. KISLIAKOV AND QUANHUA XU

clearly
(4.10) a<b<b,+C2", Vn<N

which gives, in particular, (4.2).
We are going to check that the functions b, {¢,}, just defined satisfy (4.2)-
(4.7). We have already verified (4.2) and (4.4). Now by (4.10), for n < N

|@n|'/4b < |Gl 4(bps1 + C2™F) + |Gy |4 (Bn + C27)
< |Gl 4bpsy + |Gy | /4By + C2" < C2",

in view of (4.8) and the definition of «, . This proves (4.5). It follows from (4.5)
that the series ),y ¢» converges absolutely a.e. on T. Its sum is evidently
equal to 1 a.e., that is, (4.7) holds. Hence, it remains to check (4.3) and (4.6).

Fix n < N. We are going to estimate ||bu||z»(). We assume for the moment
p < oo. We have

N
(4.11) bu=a+6 Y |om|'*2",
m=n+1
and
N—-1
Z |@m |l/42m < Z (11 - Gm|1/4+ |1 = Gme 1|I/4)2m <C Z |1 = Fp |2k2m
m=n+1 m=n+1 m=n
N—-1 N-1
<CS lom— 122"+ C > |H(ug(an — 1)) 2mug .
m=n m=n

Now it is convenient to employ the weighted space L27(J2%; u72P) of [2.
valued functions. Clearly

N-1

> [H(uo(am — 1)[*2mug

m=n

LP(w)
= ||{H(2m/2ku0(am )) m=n |L2"P(12" u—zkp)

From (3.3), u? € 4;; so ul'Zk” € Aj4kp - By the choice of k, we have 2kp >

14+kp. Since also 2k > 1, H isbounded on L22(1%; y %Py (cf. [AJ]). Thus,
for some constant C

”{H(ZM/ZkuO(am - 1))}N:1”L2kp(12k;ul-2kp)

< Cl|{2ml2ku0 — 1)} "L2kp([2k;ul"2kﬂ)
o 1/2k

=C Z(a’" _ 1)2k2m
m=n Lr(w)

Combining these estimates with (4.11), we obtain
N-1

> (o — 1)%2m

m=n

(4.12) 16all o (w) < Cllallzew) + CO

Lr(w)
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Now let Ey = &, E, = {by+1 > 2"} for n < N (note also that E, = {a, #
1}). Since b, > by41, it is clear that E, D E,,;. Denoting e, = En\En+
(m < N -1), it is easy to see that 2" < b,, < C2™ a.e. on e, . It follows from
(4.9) that

2Mm < p, < C2™ a.e. on ey, n<m<N-1,
with C independent of m and n. Therefore
N-1
Z(am _ l)2k2m Z( _ I)ZkXEmzm
m=n m=n
N-1 N-
< Z om/2 z bl/ZIXe <C z om/2 Z 2]/2
= f
N-1
=C)Y 27y, Z mi2 < ¢ Z 2%, < C"by.
j=n m=n

Hence by (4.12)
16nll Lo wy < Cllall o w) + COllball Lo (w)-

Taking J = (2C)~!, we get finally
lbnllrwy < Cllallrw)y, YRS N-1,

which then yields (4 3) by letting n — —oo for p < 0.

If p = 00, (4.3) is easy. Indeed, taking / = min{n: a < 2"}, we clearly have
an=1, F,=1and G, =1 for n>1. So b will not exceed C2' uniformly
on T.

From (4.5), we see that the series Y,y |¢4|'/42" converges a.e. on T; so
letting n — —oo in (4.11), we obtain

b=a+6)  pa'/2",

n<N

which shows (4.6) with C = 6! . This shows Lemma 4.2 in the case of bounded
a.

The general case can be derived from this special one by a limit argument
that we are going to describe now. Replacing a by a slightly bigger function,
we may assume that a is bounded away from zero on T. Then apply the result
just proved to a A2V (N =1,2,...). We obtain by, {@nn}n<n satisfying
(4.2)-(4.7) with a A 2N mstead of a. From (4.2) and (4.3) we deduce that
log by € L, . Let By be an outer function with modulus by . Then (4.3) shows
that By € HP(w) and

BN || e (w) < Clla A 2¥ || ow) < Cllalloqw)-

Denote by ¢ an outer function with modulus w!/?. We see that {¢By} is a
bounded sequence in HP . So passing to a subsequence if necessary, we may
assume that {pBy} converges to some analytic function G uniformly on every
compact subset of D. Define B = Gp~!. Then we deduce that By converges
to B uniformly on every compact subset of D. Letb = |B|. Clearly

1]l > (wy < Cllallrw) >
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giving (4.3). To prove that b satisfies (4.2) we note that for Ny < N,
by, >2M Aa>2M pa.

Let Ay be an outer function with modulus 2¥ Aa. Then |By,| > |An,| a.e.
on T. It follows that for 0<r<1 and { €T

1B, (r0)| 2 14N, (rQ)-

Letting first N; — co then r — 1, we get b > 2% A g, that yields (4.2).

Now by (4.4) we may assume that for each n € Z the sequence {¢,n}
converges to an analytic function ¢, uniformly on every compact subset of D .
It is clear that the ¢, ’s are in H> and satisfy (4.4). For (4.5) we have

loan|/*|By] < C2" ae.onT, VneZ,
which, together with the subharmonicity of |¢,x|'/4|By/|, gives
loan (rO)|V/4| By (rd)| < C27, 0<r<l1, {eT.

Then (4.5) follows by the same limit procedure as above. (4.6) is proved sim-
ilarly, and (4.7) can easily be derived by passing to the limit as N — oo, that
can be justified by means of (4.5) and (4.6). Thus the proof of Lemma 4.2 is
completed. O

Proof of Theorem 4.1. The following result is well known (cf., e.g., [BL]; there
the result is stated for Banach spaces, but the proof is easily extendable to the
quasi-Banach space setting)

(L (wo), LP'(wy))e = L (w).
Hence by interpolation
(HP(wo) , HP'(w1))g C HP (w).

So it remains to prove the reverse inclusion. For this, we assume, as in the proof
of Theorem 3.1, that w; =1, logwy € BMO, 0 < pg<oo and 0 < p; < .
Let then f € H?(w) with || f||g»@w) < 1. We shall construct a function F €
F (HP(wq), HP') such that

WF(0) = fllaew) < 1/2,  |Fll##roqwy), oy < C,

with a constant C independent of f. An easy iteration argument will then
show that f € (HP°(wy), HP')g with ||f|l¢ < C’.
We can find positive functions gy € LP(wq) and g, € L”* such that

IfI< g ’el, ae.onT and |gollow) <1, l&illn < 1.

We may evidently assume that also logg; € L! (j =0, 1). Then let A; be an
outer function with modulus g; (j =0, 1). Define

Jo= (R RO, fi=h.
Clearly, f = fofi, fo, /i are analytic functions satisfying

1fl< g™ Ifl<glae onT.
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Now applying Lemma 4.2 to a = gy, p = pp and w = wy (resp. a = g,

p=p and w; = 1) we get by, {Pn,0}ncz (resp. b1, {@n,1}nez) as in that
lemma. In particular,

1Boll 2o wo) < Cllgollzroue) £ €5 101l < Cllgillin < C.

Also
f= ﬁ)fl = Z¢n,0ﬁ) Z ¢m,1fl-

neZ mezZ
By (4.4)-(4.6)

Z |@n,0fol < Z |¢n,0|1/2|¢n,0|1/2b(=_0

neZ nez
< CY lonol'?2"b5% < Chy~0.
nez
Therefore, by the dominated convergence theorem, Y ., ¢, ofo converges to
fo in LPo/(=8)(wy) . Similarly, Y7 @a,1/i convergesto f; in LP/¢ if p; <
oo, that we assume for definiteness (if p; = oo, some slight modifications are
needed for what follows). Then Holder inequality implies that there exist ng, n,
and mg, m; such that

f- Z‘: @n,0f0 ZI: Om 1 fi

n=ny m=myg

Now for { € . ={{ €C:0<Re( < 1} define

(4.13) <1/2.

Hr(w)

n

my
F(C) = Z Z 2n(0_02m(c—0)¢n,0f0¢m,lfi-

n=ng m=my
Then clearly F € & (HP(wp), H”) and || f — F(0)|lge) < 1/2 by (4.13). It
thus remains to dominate ||F||g(gro(w,), n) - We have for n € R

ny

my
IF(in) < Y 2lon,ol 1fol Y. 27™\@m, 1l il

n=ngy m=my
By (4.4)-(4.6)

m my

> 27w 1A Y] 27 om 1 2(I9m, 1]1/%05;)°

m=mg m=mg )
m, m)

<SC Y Aomal*=C Y (om, 1|1 @m, 1|15

m=myg m=myg

m
SC Y lomal*2mbt < C.

m=mg

Similarly

ny ny
C Y 2|gn,0l1fol < C Y lon,0l'/22" < Cho.

n=ny n=ng
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Combining the previous estimates with the fact that ||bo|| 0w, < C we get
IFEGEM|rowe) < C, YR €ER
A similar reasoning shows that |F(1 + in)||zn < C (Vn € R). Thus

I F ll# (#o0 o), o1y < C s
which concludes the proof of Theorem 4.1. O

Remark. We can prove the following refinement of Lemma 4.2.

Let w be a weight such that logw € BMO. Then for every positive function
a € LY(w) there exist b € L'(w) and a sequence {pn}ncz C H® which satisfy
(4.2), (4.4)-(4.7) and the following strengthening of (4.3)

t t
/b*(s)dsg/ a*(s)ds, vVt>0,
0 0

where a* and b* are respectively the decreasing rearrangements of a and b
with respect to the measure wdm on T.

The essential idea of the proof of the above statement is almost the same as
that of the proof of Lemma 4.2 (see [X2] for a similar lemma in the nonweighted
case). Using this refinement of Lemma 4.2 and arguments of [X2], we can show
the following weighted version of the main result of [X2].

Let 1 <pgy,p1 <oo, po#p1 and wy, w, be weights such that logw; € L

(j =0,1). Suppose log(wé/”"wl"l/"‘) € BMO. Then for every function f €
HPo(wp)+HP'(w;) there exists a linear operator T defined on LPo(wg)+ LP'(w,)
such that T(f) = f which maps LPi(w;) into HPi(w;) (j =0, 1) and whose
norms on these spaces are dominated by a constant depending only on pgy, p;
and the BMO-norm of log(wy/™w; '/?") .

This result is much stronger than Theorems 3.1 and 4.1 (in the case where 1 <
Do, D1 < 00, po # DP1). An interesting consequence of it is that with the above
hypotheses on pg, p; and wy, wy, (HP(wy), HP'(w,)) is a Calderon-Mitjagin
couple. The reader is referred to [X2] for more discussion and consequences of
this kind of results.

5. VECTOR-VALUED HARDY SPACES: THE REAL INTERPOLATION

From now on we shall deal with Hardy spaces of functions with values in
quasi-Banach lattices. All quasi-Banach lattices will be those of measurable
functions on a measure space (Q, u). They will be subject to the conditions
described in §1.

Let w be a weight on T such that logw € L!. Denote by ¢ the outer func-
tion with modulus w . For a quasi-Banach lattice E on (Q, u), the weighted
spaces LP(E, w) and HP(E, w) are defined as follows:

LP(E;w)={f: fw'P € LP(E)} = {f: fo'/? € LP(E)},
HP(E;w)={f: f¢'/" € H"(E)}.

The quasi-norm on these spaces is given by the functional fi ([ || f||/5w dm)'/?.
We recall that our LP(E) and HP(E) are slightly “nonstandard” (cf. §1).

We shall use the following well-known result several times: if X is a UMD
Banach space and w is a weightin 4, (1 <p < o) then the Hilbert transform
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H is bounded from LP(X;w) into itself (the proof of that is the same as in
the scalar case, cf. [CF]).

For technical reasons it is convenient to introduce a definition formalizing
the property expressed by Lemma 3.3. We begin with the nonweighted case
because of its importance.

Definition 5.1. Let 0 < p < oo. A quasi-Banach lattice £ of measurable
functions on (L, u) is said to have p-majoration property if there exists K > 0
such that for every integer k > K the following is true. Given a positive
function a € LP(E), there exists b € LP(E) satisfying

(5.1) b>a,ae.on TxQ;

(5.2) 16wz < Clallwe);

(5.3) |H(b(-, w)"/%)| < Cb(-, w)'/* ae.on TxQ,
where C is a constant independent of a (it is allowed for C to depend on
k).

Note that it is assumed implicitly in (5.3) that H(b(-, w)!/?*) can be inter-
preted as a bimeasurable function on T x Q. The exponent 1/2k does not
look very natural, but we have taken it for uniformity reasons (compare with
Lemma 3.3 and Definition 5.6 below).

Now we give some examples.

Lemma 5.2. If E© s UMD for some a > 0 then E has p-majoration property
Jor 0 < p <oo. The space L>*°(Q) has p-majoration property for 0 < p < c©.

This will follow from Lemma 5.7 and Corollary 5.9 below.
Now let Ey, E; be quasi-Banach lattices of measurable functions on (Q, u).
Then clearly (HP°(Ey), HP'(E;)) is an interpolation couple for 0 < pg, p; <

Py 41 . . .
oo . Moreover, ( f:, 5 ’j;.o s ,’;,, (?1 ) can also be viewed as an interpolation couple,

since the both quotient spaces embed into ,’;i(ﬁi(ﬂ’ ,pd ™) for some small s > 0

and some density ¢. So we may consider K- and J-functionals for these
spaces. The main results of this section are the following two theorems and
their weighted counterparts discussed later on.

Theorem 5.3. Let 0 < pg < 00, 0 < p; < o0, Ey, E| be quasi-Banach lattices
of measurable functions on (Q, u). Suppose that E((,") is a UMD-space for
some o >0 and E, has p,-majoration property. Then for any t > 0 and any
f € H™(Ep) + H?(E1),

(5.4)  K(t, f; H*(Eo), H"(Ey)) < CK(t, f; LP(Eo), L' (Ey)),
where C is a constant depending only on E; and p; (j=0,1).

Theorem 5.4. Under the hypotheses of Theorem 5.3, for any t > 0 and any

s LP(Ey)  LP(E)
 Hn(E)  HA(E)

there exists f € LPo(Ey) N LP'(E,) generating the class f in the both quotient
spaces simultaneously such that

(55)  J(t, f3 IP(Ey), IP(Ey) < CT (t, 7

. L (Ey) L”'(El)>
" Hpo(Ep) ™ HP (Ey) )’
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where C is a constant depending only on E; and p; (j=0,1).

Remarks (they apply also to Theorems 5.10 and 5.11 below).

(i) Of course, (5.4) and (5.5) can be reversed (with C = 1 in the reverse
inequalities).

(ii) We have already mentioned in §3 that (5.4) and (5.5) can easily be reduced
to each other.

The following corollary is immediate from Theorem 5.3

Corollary 5.5. Under the hypotheses of Theorem 5.3, for any 0 < 60 < 1 and
0 < g < oo the space (HP(Ey), HP'(E}))g, coincides (with equivalent quasi-
norms) with the subspace of (LP°(Ey), LP1(E;))g, consisting of the functions
analytic in the first variable. In particular,

(H™(Eo), H”(Ey))gp = HP((Eo, E1)gp)
1_1-6, 0
where P ;o + e
We shall not give the proofs of Theorems 5.3 and 5.4 separately, because
they are nothing but partial cases of analogous results with weights, that we are
going to present now. First of all we should define an appropriate majoration

property in the weighted case. It turns out that such a property should include
a certain uniformity condition.

Definition 5.6. Let 0 < p < co and Z  be a class of weights on T. A
quasi-Banach lattice E of measurable functions on (Q, u) is said to have p-
majoration property uniformly with respect to all weights in 7" if there exists
K > 0 (depending on E and p) such that for all integers k > K the following
is true. Given a weight u € 7", for every positive function a € LP(E), there
exists b € L?(E) satisfying (5.1), (5.2) and

(5.6) |H(u(-)b(-, w)/*)| < Cu(-)b(-, @)/* ae.onTxQ,
where C is a constant independent of a.

Remark. C may depend on u (and, of course, on k). The word “uniformly”
refers to the fact ihat X does not depend on u€ 7.
We turn to describe some examples of spaces with the property just defined.

Lemma 5.7. The space L>(Q, u) has oo-majoration property uniformly with
respect to all weights u satisfying |H(u)| < Cu, for some constant C.

For the proof, simply take b = ||a|| =@, ) foragiven a € L*(L>*(Q, u)).

To give less trivial examples, consider two measure spaces (2, 1), (Q2, u2)
and let F be a quasi-Banach lattice of measurable functions on (Q;, u;).
Denote by (Q, u) the product space (2; x Qy, u; x u) and consider the
quasi-Banach lattice £ = F(L*(Q,, uz)) on (Q, u) which consists of the
bi-measurable functions g on (2, u) such that g(w,, ) € L*(u;) for a.e.
) € Q; and the function w; — ||g(w1, *)llL>(u,) isin F . The quasi-norm of
g in E is then defined as that of this latter function in F .

Lemma 5.8. Let 0 < p < oco. If F® js UMD for some o > 0 then E has p-
majoration property uniformly with respect to all weights u satisfying M(u?) <
Cu?, for some constant C .

Corollary 5.9. Let E be a quasi-Banach lattice of measurable functions on some
measure space (Q, 1) . Suppose that either E(®) is UMD for some o >0 or E =
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L>°(Q). Then for every 0 < p < oo, E has p-majorization property uniformly
with respect to all weights u satisfying M(u?) < Cu?, for some constant C .

To see this, take in Lemma 5.8 the one-point space either for (Q,, u;) or
for (Qq, u1).

Finally, we remark that Lemma 5.2 follows from Lemma 5.7 and Corollary
5.9 since H(1) =0 and M(1)=1.

Proof of Lemma 5.8. Take K so large that Kp > 1 and F(?X) is a UMD-space.
Let k > K be an integer and let a weight u satisfy M (u?) < Cu?. Any positive
function a € LP(E) can be viewed as a measurable function on T x Q; x Q.
We shall construct a majorant b satisfying (5.1), (5.2) and (5.6) that will not
actually depend on w, € Q,.

Set

ao(¢, @) = ess sup |a({, vy, wy)|'/?*,

WEQ,
and let inductively an(-, w) = u(-)"H(u(-)an—1(-, @1))| (n > 1). We have
F@) ¢ UMD, u=%? = (u?)=% € 4,4, and 2kp > 1 + kp. Therefore H is
bounded from LZ2kP(F(2k); 3~2p) into itself. Let C, be its norm. Then for
n>0.

Nanll 2o gy = || @nll Lo peoy = | H (Ua@n—1)|| L2to (201 4-200)

< ”uan_]”szp(F(Zk);u—ka) = Clnan_]"szp(E(zk))
1/2k
< -+ < CHlaoll o gy = CPllall -
Choose C > C; in an appropriate way (note that we do not assume that E¢)
has been renormed to become a Banach space). Then we easily see that the
function b defined by b = (¥, C"an)** satisfies the desired properties. O

Now we are in a position to state the weighted counterparts of Theorems
5.3 and 5.4. Consider the class of weights & = {u: 3C, |H(u)| < Cu and
Mu?) < Cu?}.

Theorem 5.10. Let 0 < py < 00, 0 < py < o0, Ey and E, be quasi-Banach
lattices of measurable functions on (Q, u). Suppose that E((,“) is a UMD-space
for some a > 0 and E, has p,-majoration property uniformly for the weights
in @B . Then for any couple of weights wq, w, with log(w(;/p"wl_ /ry € BMO
we have
K(t, f; HP(Eo; wo), HP'(Ey; wy))

< CK(t, f; L™(Eo; wo), L' (Ey; wy))

Jor any f € HP(Ey; wy) + HP'(E,; w,) and any t > 0, where the constant C
does not depend on f and t.

(5.7)

Theorem 5.11. Under the hypotheses of Theorem 5.10, for any t > 0 and any

*GL”°(Eo;wo) LA (Ey; wy)
HPo(Ey; wo)  HPY(E); wy)

there exists f € LPo(Ey; wo) N LP(Ey; w,) generating the class f in the both
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quotient spaces simultaneously such that
J(t, [ LP(Eo; wo), L (Ey; wy))
. LPo(Eq; wo) L"‘(Ex;wn)>

(5.8)
S CJ (t; f’ HPO(EO; wo) ’ le(E] 5 wl)

where C is a constant independent of f and t.

We leave to the reader formulating the counterpart of Corollary 5.5 for the
weighted case.

Turning to the proofs of Theorems 5.10 and 5.11, we first multiply all the
spaces considered by an outer function with modulus w,l/ Pt Thus we can, and
do assume that w; = 1, logwy € BMO. The following crucial lemma is similar
to Lemma 3.4.

Lemma 5.12. Under the hypotheses of Theorem 5.10, given fo € LP(Ey; wo)
and f\ € LP\(E)), there exists a function G € H®(L>*(Q, u)) such that

max{[|(1 = G) foll zo (£ w) » (1 = G) fill oo o s we) }
< Cllfblleo(Eo;wo) ;

(5.10) max{||G follz~i £,) s G fill g} < Cllfill k) »
where C is independent of fy, fi .

Proor. Let K > 0 be as in Definition 5.6 with E; and p; instead of E and
p. Take a large integer kK > K such that kpy > 1 and E((,Zk) is UMD. As
in §3, we find, via Lemma 1.1, a representation wy = (uouy')?*P> where the
weights ¥y and u; satisfy (3.2) and (3.3). (Recall that we also need for this
kpo > 2y, where y is determined by wy.) In particular, uy € & . Thus, given
a € LP(E,), we can find b satisfying (5.1), (5.2) and (5.6) with u = up and
E, p replaced by E,, p,.

We are going to apply that to the function a constructed as follows. Let
Qo C Q be the support of the space E;. Since we have supposed (Q, u) o-
finite, there exists a function g € E, strictly positive on £y, and all functions
in E; vanish off Q,. We take a = |f;| +¢f, ¢ being a small positive number
such that [lallziz,) < 2l fille,) -

With the help of the above majorant b for this a, we define a function «
on TxQ by

a=max{l, |b"|"*} on Tx Qy; a=0o0nT x (Q\Q).
Then set (with the convention 0/0 = 0)
uobl/Zk + iH(uobl/Zk)
uob'/%ka + iH(ugh'/%*a)’

Of course, the operator H is applied here in the first variable. Clearly, F =0
on T x (Q\Qp) and by (5.1) for a.e. w € Qy the function b(-, w)a(-, w) is
bounded away from zero. Hence F is analytic in the first variable. Moreover,
by (5.6)

(5.9)

F =

G=1-(1-F*)%

1/2k
tob SIZC§1+C a.e.on T x Q.

IF| <(1+C)

uoh %k o
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Therefore, F € H*®(L*(Q)). Consequently, G € H®(L>*(Q)) and G = 0
a.e.on T x (Q\Q),

|G| < C|F|* < C/a** ae.onTx Q.

It follows, in particular, that |G|z~ =) < C. Hence to prove (5.9) and
(5.10) it remains to show

IGfolleer gy < CllSfillr ey, 11 = G)fillero(Ey s we) < CllSollLoo(Ey s we)-
The first inequality follows immediately from

|Gfol <Cb and ||b]lpsi(ky) < Cllalln g, < Cllhillen g,
To prove the second inequality note that
I1-Gl<Cl1-F*
< Clla—1)%* + ug%b~ | H(uob"/*(a — 1))*1, on T x Qq.
Hence (recall that fi =0 on T x (Q\Qy))

(1 = G) fill oo (g, wo)
< CIll(e = 1)*bll o5y we) + |1 H (0b"/* (= 1)) 1% 1

L2po(EZY ul_up 0)

Now E((,Zk) is UMD, 2kpy > 1 + kpy and ul‘z""° € Ajtkp, - Therefore H is

bounded on L2"P°(E(()2k); ul‘Zk"°) , and it follows that the second summand on
the right in the above inequality is dominated by the first one. Now (a—1)%b <
|fol on T x Q. Combining all the above estimates, we obtain

"(1 - G)fi ”L"O(Eo;wo) S CIlfb'IUO(Eo;W()) ’
which concludes the proof of Lemma 5.12. O

Now Theorems 5.10 and 5.11 follow form Lemma 5.12 by the same reason-
ing. We begin with the first of them. Let fy € LP(Ey; wy), f; € LP1(E,) with

f=fH+/fi and

|l foll oo (o ;we) + L1 llo gy < 2K (2, f5 LP°(Eg; wo), L7 (EY)).
Then find a function G € H*(L>*(Q)) such that (5.9), (5.10) hold. Set g =
(1-G)f, h=Gf. Then we clearly have

N&lleo £y ;wo) < Cllfollrogy;we) and  ||Bllzo g,y < Cllfilln (gy)-

On the other hand f = g+h and g, h are analytic in the first variable (because
S and G are). Thus g € HP(Ey; wy), h € HP'(E;) and (5.7) clearly follows
from

K(t, f; H*(Eo, wo), H™(E1)) < |18l rro (o s we) + ElAll 1o (8-
To prove Theorem 5.11 take
F e Lo (Eo; wo) | LP(E))
Hpo(Ey; wo)  HP(Ey)

such that

J(t . LP°(Ep; wo) L”‘(El))<l'

72 Hpo(Eg; wo)® HP(Ey)
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Then there exist fo € LP(Ey; wo) and f; € LP1(E,) representing the class f
such that || follzeo(£y:wg) < 1, IIfilleeig) < t'. Again apply Lemma 5.12 to get
G € H®(L>*(Q)). Thenset f=Gfy+ (1 —G)f. By (5.9) and (5.10)

Aok :w) < C and || fllzr e, < CE71,

implying J(t, f; LP°(Ey; wp), LP1(E)) < C. On the other hand, f generates
the same class f, because G is analytic in the first variable. This completes
the proof of Theorem 5.11.

Theorems 5.3 and 5.4 can be proved similarly. One needs just to note that if
wp = w; = 1, then clearly one can take uo = #; = 1 in the above factorization.

6. VECTOR-VALUED HARDY SPACES: THE COMPLEX INTERPOLATION

In this section we give counterparts of the results of §4 for the spaces of
vector-valued functions. It is convenient to introduce a notion inspired by
Lemma 4.2.

Definition 6.1. Let 0 < p < oo, E be a quasi-Banach lattice of measurable
functions on (2, #) and w a weight on T. The space L?(E; w) is said to
admit sufficiently many analytic decompositions of unity if for every function
a in a dense subset of LP(E; w) there exist b € LP(E; w) and a sequence
{@n}nez in H®(L>(Q, p)) satisfying the following properties:

(6.1) b >lal,ae.on TxQ;

(6.2) 1blloe;w) < CllallrE;w) 5

(6.3) l@nllr=r=@) < C, VR €Z;

(6.4) |@n|'/*b < C2",ae.0n TxQ, VneZ,

(6.5) ez |9n'/42" < Cb,ae.on TxQ;

(6.6) > ,cz¥n=1,ae.0n TxQ;

(6.7) 3_,cz 9na converges to a in LP(E; w),
where C is a constant depending on E, p and w only.

Again (as in §4) we note that the ¢,’s behave roughly as the functions
X{2n-1<b<2n} - ) )

It turns out that L?(E ; w) admits sufficiently many analytic decompositions
of unity if E is the same as in Lemma 5.8.

Lemma 6.2. Let (Q;, 1), (Qa, u2) be two measure spaces and F a quasi-
Banach lattice of measurable functions on (Qy, u;). Let E = F(L™(Q,, u2))
be the quasi-Banach lattice of measurable functions on (Q, u) = (21 x Qy, u; x
W2) defined as in §5. If F® js UMD for some o > 0, and 0 < p < co then
LP(E; w) admits sufficiently many analytic decompositions of unity for every
weight w such that logw € BMO.

Remark. Of course, under the same hypotheses L?(F ; w) and LP(L*(Q,); w)
also admit sufficiently many analytic decompositions of unity (take the one-
point space either for (Q,, u;) or for (Q;, u;)). It can be shown that, more-
over, L®(L>(Q,)) possesses all the properties described in Definition 6.1 ex-
cept (6.7) (modify the reasoning below just as it has been done in the proof of
Lemma 4.2 for p = ).

Proof of Lemma 6.2. 1t is similar to the proof of Lemma 4.2. We first claim
that the family of bounded functions on T x Q is dense in L?(E; w). Indeed,
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let f € LP(E; w). This is a function in three variables ({, w;, w;) on T x
Q; x Q. Set E, = {({,w1) € TxQ:esssupg|f({, w, w2)] < n} and
o= fXxE,xq, (n€N). Then for every n € N f, isbounded on T x Q. It is
clear that the UMD condition on F(®) implies that the dominated convergence
theorem is valid in F. Hence, it is also valid in L?(F; w). Then we easily
deduce that f, convergesto f in LP(E; w). This proves our claim.

Now take a large k so that kp > 1, F(K js UMD and w admits a factor-
ization w = (uouy")?*? with uo, u; satisfying (3.2), (3.3). Let a € LP(E; w)
be a bounded function on T x Q. Assume also a positive. We shall construct
functions b and ¢, (n € Z) satisfying (6.1)-(6.7) which will not depend on
).

Since a is bounded and positive, a < 2V a.e. on T x Q for some integer
N. As in the proof of Lemma 4.2, we define by induction two sequences
{Gn}n<n C H®(L®°(Qy)) and {bp}n<ny C L>®(L>(Q;)) as follows:

Gyv=1, bn((, w))=esssupa({, w;, w);
Q

and for n< N -1
an({, 1) =max{1, (27"bp (¢, @1))"/*},
_ ug + iHuy
"7 antg + iH(anto)
G,=1-(1 _Fn16k)8k’ by = bpi1 +6|Gpyy — Gn||/42n+1,

where d € (0, 1) is a constant to be determined later.
It follows from (3.2) that F,, G, are in H*(L*(Q)) and, moreover,

|Fo| < Cap' < C,
|G| < C|Fy|'* < Co;'%%* < C, ae.onTxQ.

Let 9, =G, - G,—; (n < N). Then ¢, € H*(L*(Q)) (in fact, ¢, does not
depend on ;) and (6.3) is true. Letting

lim b,=b (ae.onTxQ),

n——oo

(H 1is applied in the variable { here);

we easily check that
a<b<b,+C2", ¥Yn<N,

that shows (6.1). The proofs of (6.4) and (6.6) are similar to the corresponding
parts of the proof of Lemma 4.2. We are going to show (6.2). Fix n < N. We
have

N-1
1Ballo(E;w) < CllalloE;w) + CO || lom — 1]%*27
m=n Lo (E;w)
N-1
+C8 || [H(uo(am — 1)< 2mug
m=n LP(E;w)

Now for r > 0 we denote by E(I/") the quasi-Banach lattice of all sequences
{xn} of functions in E such that @ — (3, |xa(®@)|")V" is in E, with the
natural quasi-norm. Since 2k > 1 and F@%) is UMD, it follows that F(2k)(j2k)
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is also UMD (cf. [RF]). Hence (recall that ul"z"” € Ay4kp and 2kp > 1+kp >
1)

N-1
3 [H(uo(om — 1)) 2mug*
m=n

LP(E;w)
= ||[{H( 2m/2kuo(am - 1))}m_n"szp(p<2k>(12k) uy %r)
< Cl{2™*ug(am — 1)}

N—-1

Z(a"’ _ 1)2k2m

m=n

"Lka(F(Zk) 12Ky, u—2kp)

=C

LP(E ;w)
On the other hand, as in the proof of Lemma 4.2, we may show that
N-1

> lam — 11%*2™ < Cb,.

m=n

Combining all the inequalities obtained, we get
Nbnll Lo w) < Cllall o ;w) + COllball Lo ; w)-
Taking 6 = (2C)~!, we get finally
bnllowy < Cllallrw), Yn<N-1,

which yields (6.2) by choosing = (2C)~! and letting n — —oco. (4.6) holds
with C =4~!. Finally, (6.7) follows form (6.2), (6.4), (6.5) and the dominated
convergence theorem in LP(F ; w). This finishes the proof of Lemma 6.2. O

We recall that a quasi-Banach lattice E is said to be g-order continuous if
for every decreasing sequence {x,}n>o of positive functionsin E A, ,x, =0
implies lim,_,o ||X4|| = 0

Theorem 6.3. Let 0 < py, p; < oo, Wy, w; be weights such that logw; € L!
(j=0,1) and Ey and E, be quasi-Banach lattices of measurable functions
on (Q, u) such that LPi(Ej; w;) (j =0, 1) admits sufficiently many analytic
decompositions of unity. If one of Ey, E| is a-order continuous, then for every
0<0<1

(6.8) (HP(Eo; wo), HP(Ev; wi))p = HP((Eo, Er)p; W),
- 1-6
where I-‘, = % + pi. and w = wg( )/powfo/pl .

Remark. If we impose our usual condition log(wé/ Powr /e ') € BMQ, we de-
duce that (6.8) does hold if Ey and E; are as E in Lemma 6.2. (To do this, we
should multiply all the spaces involved by an outer function with modulus equal
to wll/” ' and then apply Theorem 6.3 to the couple of weights (wé/”°w1— Ve 'y,
instead of (wg, w,).)

Proof. Let E = (Ey, Ey)s. We need only to verify the inclusion
HP(E; w) C (H™(Eo; wo), HP'(Ey; wi))e-
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Let then f € HP(E; w) with quasi-norm less than 1. We shall construct a
function F € & (HP(Ey; wy), HP'(E;; w;)) such that

IF(0) — fllar;w) < &, and  ||Fllg(mmEy;wo), oo By swy) < Cs

with a constant C independent of f. Then we fix ¢ small enough (its magni-
tude depends on the constant in triangle inequality) and iterate, that will prove
the desired inclusion.

Choose positive functions g; € LP(E;; w;) (j =0, 1) such that

If1< g %8, ae onTxQand||gliguw) <1, j=0,L

We may clearly assume that g; belongs to the dense subset of L?/(E;; wj) in
the Definition 6.1 and that log g;(-, w) € L! fora.e. w€ Q (j=0,1). Then
as in the proof of Theorem 4.1 we have two functions f; (j =0, 1) analytic in
the first variable such that

f=f6.fl’ |fb|$g(;_09 |f1|Sg{9 ae.onTx Q.

By the hypotheses, there exist b; and {¢,, j}ncz such that (6.1)—(6.7) hold with
E, p, a, w replaced, respectively, by E;, p;, gi, w; (j =0, 1). In particular,
Y ez ¥n,jg; convergesto g; in LPi(E;; w;). By Holder inequality and (6.3)-

(6.5)
> om0l 16l <D 1on,0lgs~°
nez neZ
1- 6 1-6
< (Zl%,olgo) (le,ol) <C (Zl%,olgo) .
neZ neZ nezZ

We then deduce that 3, .7 ¢n 0o convergesto fy in LPo/ ("")(E(()l/ 1=6) -+ app) .
Similarly, Y, @»,1/i convergesto f; in LPI/"(E?/O); w;). Now since one
of Ey and E; is o-order continuous,

(E09 EI)B — E&—GEIG — E(()l/(l‘o))E§l/0)

(cf. [KPS, p. 244]). Note that by Ej°Ef we denote the quasi-Banach lattice

introduced by Calder6n [C]. The product of the lattices E(()'/ (1=-6) and Efl/ o
is defined in the natural way, see the next section). It then follows that

Z Z ¢n,0¢m,lﬂ)fl

neZ mez
converges to f = fof; in LP(E; w). So there exist n; and m; (j =0, 1)
such that

<e.

H?(E ;w)

f- i: ¥n,0f0 Z Pm, 11

n=ny m=m

Then we finish the proof of Theorem 6.3 as in §4. The remainder is omitted. O

The following immediate consequence of Theorem 6.3 answers Problem 5 of
[X1].
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Corollary 6.4. Let E be a quasi-Banach lattice of measurable functions on (, u)
such that E© js UMD for some a > 0. Let 0 < pg, p1 < oo and 0< 6 < 1.
Then

(6.9) (HP(E), H"(L=(Q)))e = HP((E, L*(2))o) ,
with 2 =18 4 &

Remarks. (i) It is evident that (E, L®(Q))s = E(1/(1-0) |

(i1) Under the hypotheses of Corollary 6.4, (6.9) is also true for p; = co (see
the remark after Lemma 6.2 and the arguments in §4). But at the time of this
writing we do not know whether (6.8) and (6.9) hold if py =p; = .

7. THE couPLE (H*®(E,), H®(E}))

The purpose of this section is to prove the following limit case of Theorem
5.3. Let E be a Banach lattice of measurable functions on (2, u). We denote
by E’ the subspace of E* consisting of all the integrals.

Theorem 7.1. Let Ey, E, be quasi-Banach lattices of measurable functions on
(Q, u). Suppose that E, has p-majoration property (0 < p < o) and Eéa) is
a UMD-space and (Ef"‘))’ is a norming subspace for some o > 0. Then there

exists a constant C depending on Ey and E, such that for any t > 0 and any
f € H®(Ey) + H*(E,),

(7.1)  K(t, f; H*(Eo), H*(E})) < CK(t, f; L™(Ep), L*(E)).

The proof of Theorem 7.1 is similar to and simplifies that of [X1, Proposition
6]. As in [X1], Theorem 7.1, will be derived from the following result, which
seems to be of general interest.

Theorem 7.2. Let Ey, E, be quasi-Banach lattices of measurable functions on
(Q, u). Suppose that for some oy > 0 and every a > aq there exists a constant
C =C(a, Ey, E|) such that

az (7> 0, Vf € H®(E) + H®(E!),
LK@, £ HR(E), H2(E() < CK(t, f5 L(EY), L®(E{").
Then (7.2) is true for all a < ag as well (of course, with another constant C).

We remark at once that the method of proving Theorem 7.2 employed here
is close to certain considerations of Pisier [P2]. The main idea of this proof
has been discovered by the second-named author independently of [P2]. Note,
by the way, that Pisier’s method can be employed to give alternative proofs of
Theorems 5.3 and 5.4 in most cases, but the entire development of this paper
was independent of [P2].

Assuming Theorem 7.2 established, we can easily deduce Theorem 7.1. By
our general hypotheses on lattices of measurable functions (see §1), there is
ap > 0 such that E® and E® are Banach lattices for a > ag. We also
choose ag so large that E((,"") is UMD and (E§“°))’ is norming. On the other

hand, E(()“) and Ef"‘) still satisfy the hypotheses of Theorem 7.1 for a > ay.
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Therefore, by Theorem 5.3, there exists a constant C = C(a, Ey, E;) such
that
vt >0, Vfe H(E®) + H(EWY),
{ K(t, f; H\ES), H(E®)) < CK(t, 5 L'(E"), LNE()).
As in [HP, Theorem 2.7] we dualize this statement but with (E(()“))’ and (E f“))’

instead of their duals (this is possible because there spaces are norming); so we
obtain the following J-functional estimate about the quotient spaces:

L>((E))  Le((E®Y)

Vt>0, Vfe
Ho((EPY)  H=((E®))

there exists f € L°°((E((,°‘))’) n L°°((Ef"))’) representing f in both quotient
spaces and satisfying
J(t, f3 L2((Eg"Y), L2((E)))
. L® E(a) N L® E(a) /
<cJ (t,f; (E7)) L))
H>((Ey”)) H>((E™))
Then using a simple factorization again as in [HP, Theorem 2.7], we see that
this J-functional estimate is still true with L™, H>® replaced respectively by
L', H'. We dualize once more this last J-functional estimate to get (7.2).
Thus (7.2) is true for every a > a9, and it remains to apply Theorem 7.2.
We now proceed to the proof of Theorem 7.2. We first introduce some

elementary notions. For two quasi-Banach lattices E, and E; of measurable
functions on (Q, u), let

E()El:{on]IXjEE', j=0, 1}

and for x € EyE,
x| £o, = inf{||xol|E, X1 llE, : X = Xox1, Xx; € E;, j=0,1}.

Then equipped with the above quasi-norm, EgE; becomes a quasi-Banach lat-
tice on (Q, u). Similarly

H>(Eo))H*(Ey) = {fo/i: fj € H®(E)), j =0, 1}.

Equipped with its natural quasi-norm, H*(Ey)H>°(E,) is a quasi-Banach space.
Using the construction of outer functions, it is easy to see that

(7.3) H*®(E))H*(E,) = H®(EyE,) (with equality of quasi-norms).
Lemma 7.3. Let (7.2) be true for all a > 3/2. Then
(7.4) H®(EQPEP) C (H*(Eo), H*(E1)) o0

Postponing the proof of Lemma 7.3 we are now ready to finish the proof of
Theorem 7.2.

Proof of Theorem 7.2. Evidently, it suffices to show (7.2) for a = 1 supposing
ag = 3/2 (then we can iterate the procedure to gain smaller values of a). So
assume (7.2) is true for all « > 3/2. Take f € H*®(Ey) + H*(E,) such that
K(t, fy L®(Ep), L*(E;)) < 1. Let Qy={w € Q: the function {— f({, w)
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is not identically zero on T} . Since for some small s >0 f(-, w) € H® fora.e.
w € Q, we can write f = uF , where u and F are measurable functions on
T x Q, analytic in the first variable, ¥ = F =0 on T x (Q\Q), u(-, ) inner
and F(-, w) outer for a.e. w € Qy. In particular, |f] = |F| a.e.on Tx Q,
and consequently
K(t, F; L™(Eo), L=(Ey)) < 1,
which yields
K('2, F'2; L2(ED), L*(EP) < V2.

Now F!/2 is analytic in the first variable and so F!/2 € H*(EQ) + H*(E?).
Hence by (7.2) with a =2 > 3/2

K2, FV2 He(EP), H2(EP)) < C.
It then follows that there exists F; € H°°(EJ(.2)) (j=0, 1) such that
(75) F'/2 = Fy+ F, and ”F0”H°°(E32)) + t1/2”F1 "H°°(E:z)) <C.

Then f=uF = uF? + uF?+ 2uFyF, and by (7.5), (7.4)
K(t, f; H*(Eo), H*(E1))
< CK(t, uF} + uF}; H®(Ey), H®(E)))
+ CK(t, 2uFoFy; H*(Ep), H*(E)))

< C+ CK(t, uFoFy; H*(Ey), H*(E))

<C+ Ct”zllFoFl||H°°(Et()z)E{2)) <C.
This shows (7.2) for a« = 1 by homogeneity and thus concludes the proof of
Theorem 7.2.

Proof of Lemma 7.3. We claim first that given r and s with 1 <r<s <3,
we have

(7.6) H®ELVE") c (H®(Eo), H*(EPE®))go00

where 0y = s'/r' (for 1 < p < oo, p’ stands for the conjugate exponent:
1/p+1/p’ =1). Indeed, let g be defined by 1/r =1/s+1/q. Then by (7.3)

H®EPE")) = H2(EQ)H*(EPE™).

Now 1/g+1/r =1/s' and s’ > 3/2. Applying (7.2) with a = s’ and using
interpolation result on vector-valued L>-spaces, we obtain

(7.7) (H®(ES), H(EY))gp00 = H((ES” , E{)gy00)-
On the other hand, it is easy to check that
(7.8) ES10-0) 190 « (EW) | Wy,

Indeed, if E; and E; are Banach lattices, this is a consequence of the result
(which is well known and easy to prove) on the relation between the real and
complex interpolations (cf., e.g., [BL]). For quasi-Banach lattices considered in
this paper there exists a > 0 such that E((,“) and E {“) are equivalent to Banach
lattices; so (7.8) is true for E; replaced by E](."‘) (j =0, 1), from which we
easily deduce (7.8).




INTERPOLATION OF WEIGHTED AND VECTOR-VALUED HARDY SPACES 31

By (7.7) and (7.8)
H®(EQPE") c (H®(ES), H®(E®))gy00-

Multiplying this last inclusion by H>(E"), we obtain (7.6).
Now applying (7.6) with » =2 and s = 3, we obtain

(7.9) He(EJED) € (H=(Eo), H(EJEP™);

Then interchanging the roles of the indices and taking r = 3/2 and s =2 in
(7.6), we have

(7.10) H®(EPPEP)) c (H*(Ey), H°°(E§2>E§,2>))%w.

These two inclusions allow us to finish the proof of the lemma by a sim-
ple iteration procedure. Let t'/2H>™(Ep) +t~'/2H>(E,) be H®(Ey)+ H>(E))
equipped with the quasi-norm ¢'/2K(¢, -; H®(Ep), H®(E)) . To prove (7.4) is
equivalent to prove that H*(E E(?) isincluded in ¢'/2H>(Eq)+t~'/2H>(E,)
uniformly in ¢ > 0 (i.e., of inclusion norm dominated by a constant indepen-

dent of ¢). To show this latter statement, fix > 0 andlet f € H°°(E(()2)E§2)) be
of quasi-norm less than 1. We shall construct a function g € H®(Ey)+ H>®(E)
such that

(7'11) "f_ g“H‘”(E(()Z)E}Z)) <e and tl/2K(ta g, HOO(EO)a HOO(EI)) < Ca

with a constant C independent of ¢ and f (¢ being fixed and very small).
An easy iteration will show that H*(EE?) is included in t'/2H>(E,) +
t~'2H>(E,) of inclusion norm < C.

Let C; be a number bigger than the maximum of the inclusion norms of
(7.9) and (7.10). Let t; > 0 and t, > 0 be two positive numbers. Then using
consecutively (7.9) and (7.10), we get fy, fi and f” such that f = fo+ fi + f*
and

3/4 —-1/4,2/3
ol < %, | fillaoosy < C27 VAR,

—-1/4_-1/3
”f/”Hoo(Ec(’z)E?)) S Clztl / t2 / .
Now choose t) = 621%/3, t, = §%/2t=1/2 with 6 > 0. Then

I foll oo gy < C18¥272, | fill oo () < CR6V2271/2,

25-1
”fI”Hoo(Eéz)Efl)) S Cl 6 .

Let 6 =¢7!C? and g = fy+ fi. Then g € H®(Ey) + H*(E}), and the above
inequalities give (7.11). We thus complete the proof of Lemma 7.3. O

Remark. As pointed out after Theorem 7.2, some ideas of the preceding rea-
soning were also used in [P2]. More precisely, these are the deduction of (7.2)
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for « = 1 from (7.4) and (7.2) supposed true for a = 2, i.e., what is called
in [P2] for “square argument”, and that of (7.6) from (7.2) supposed true for
a>3/2.

Remark. By the same argument as above we can show the following: Let Ey, E)
be quasi-Banach lattices. Let ap and pg > 0 be such that for every a, 8 > ag
and p, q > po there exists C > 0 such that

(1.12) { vt >0, Vf e H?(E®) + HI(EP)
K(t, f; HP(ESY), HU(EP)) < CK(t, f; LP(EQ), LUEP)).

Then (7.12) holds for all o, f,p,q.
This remark allows us to prove the following complement to Theorem 5.3.

Proposition 7.4. Let a >0 and Ey, E, be quasi-Banach lattices of measurable
functions on (Q, ). Suppose that E, (a) Ef"‘) are Banach lattices either whose
duals are Banach lattices satisfying the hypotheses of Theorem 5.3 or which
are duals of two Banach lattices Fy, F, satisfying these hypotheses. Then for
0 < po, p1 < 0o we have
{ vVt >0, Vf e H»(Ey) + H? (E,),
K(t, f; H™(Ey), H?'(E)) < CK(t, f; L (Eo), L7 (Ey)).

where C is a constant independent of t and f .

Proof. For example, suppose the duals (E((,"))* and (Eﬁ"))* satisfy the hypothe-
ses of Theorem 5.3. Then forany 0 < po, p; < 00, (5.5) holds with E; replaced
by (EJ(."))* (j =0, 1); so by the duality between K- and J-functionals (cf.
[BL]) we deduce (7.12) forall 1 <p, g < oo and a = B > . Therefore, by
the preceding remark, Proposition 7.4 is true in this case. We prove similarly
the proposition in the remaining case. 0O

A particular and interesting case of Proposition 7.4 is that when E,, E; are
Lorentz spaces on (Q, u). Let

Ej=L"f’i(Q,u), 0<q_,',erOO, j=0,1.
Then clearly, these spaces satisfy the hypotheses of Proposition 7.4. Therefore,
we get

1). Then there exists a constant

Corollary 7.5. Let 0<pj,gj,rj<oo (j=0,
0, 1) such that for any t > 0 and

C depending on 0 < p;, gj,rj < oo (j
£ € HPo(Looo () + HP\ (L (1)
K(t, f; HP(L%™(w)), HP' (L1 ()
< CK(t, f; LPo(L%™(u)), LY (L9 (u))).
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